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Abstract 

We study deformations of two-component non semisimple Poisson pencils 
of hydrodynamic type associated with Balinskii-Novikov algebras. We show 
that in most cases the second order deformations are parametrized by two 
functions of a single variable. It turns out that one function is invariant with 
respect to the subgroup of Miura transformations preserving the dispersion¬ 
less limit and another function is related to a one-parameter family of trun¬ 
cated structures. In two expectional cases the second order deformations are 
parametrized by four functions. Among them two are invariants and two are 
related to a two-parameter family of truncated structures. We also study the 
lift of deformations of n-component semisimple structures. This example sug¬ 
gests that deformations of non semisimple pencils corresponding to the lifted 
invariant parameters are unobstructed. 
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1 Introduction 

Poisson pencils of hydrodynamic type and their deformations play an important 
role in the modem theory of integrable PDFs. Originally the study of such struc¬ 
tures was motivated by questions arising in the theory of Frobenius manifolds, 
Gromov-Witten invariants and topological field theory IITOl [T^ . In this setting, 
the deformations satisfy some additional constraints (r-structure, Virasoro con¬ 
straints) and the undeformed pencil is related to a Frobenius manifold IITOl . 
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A perturbative approach to the study of these deformations was developed by 
Dubrovin and Zhang in IITSl . In their approach, the full pencil 

fc+i 



( 1 . 1 ) 


\ k>l 



.k 


e 


I are homogeneous differential polynomials of degree 1) is obtained via a bi- 
Hamiltonian deformation procedure from the dispersionless limit e —)■ 0: 



( 1 . 2 ) 


The pencil of metrics IITOl [T7| gx = g 2 — defining this limit is assumed to 
be semisimple, meaning that there exists a special set of coordinates, the roots 
(r\ ..., r") of the equation det gx = 0 , such that both metrics of the pencil gx take 
diagonal form. 

Two deformations 11;^ and Ha of the same pencil are considered equivalent if 
they are related by a Miura transformation of the form 



(1.3) 


where F^(m, Ux, ■ ■ ■, U(^k)) are differential polynomials of degree k. This means that 
two pencils belonging to the same class are related by 


n« = L?n“L;, 


where 




S 


S 


Dubrovin, Liu and Zhang proved that the equivalence classes are labelled by n 
functions c*(r*) called central invariants Il2^ [TT| . These functions are obtained by 
expanding the roots A* of the equation 



near A* = r*: 


OO 



(1.4) 


k=l 


3 




and selecting the coefficient of p^. The central invariants are then defined as 


c = 


3gf 


(f) 


- r*g^ 


^ iP2^ 


ripk 


ki\2 


k^i 


fk{,P - P) 


i = 1 , 


n, 


where /* are the diagonal components of the contravariant metric <71 in canonical 
coordinates and 


They can also be defined by (see lH^ l 


.,n, 0 = 1,2. 


c* = -yy-ResA=r.iTr 

3/* 


where = Q 2 — Ag*/ and P]^ = — XPl^. 


In this framework the following facts should be mentioned: 

• Each function c* depends only on the corresponding canonical coordinate r* 
and it is invariant with respect to Miura transformations (11.31) 11251 . 

• Two deformations (of the same pencil) belong to the same class of equiva¬ 
lence if and only if they have the same central invariants HTTl . 

• For any choice of the dispersionless limit and of the central invariants the 
equivalence classes are not empty. This fact, suggested by some computa¬ 
tions (for the scalar case see 1281 12), has been proved only recently: by Liu 
and Zhang in the scalar case l27l and by Carlet, Posthuma and Shadrin in the 
general semisimple case |j8l- The proof is based on the vanishing of certain 
cohomology groups introduced in l25l . 

• Fixed the dispersionless limit cux and the central invariants c*(r*) there exists 
a Miura transformation (|1.3|l reducing the pencil to the standard form l25l 

Ha = UJ2 — Acji -|- e^LieX(^^_ -|- e^n4 -|- e^IIe -|- ... 

= U2 — Acji -|- e^Liey^^^ -l- 6^114 -|- e^IIg -|- ... 

where the polynomial vector fields X(^ci,...,c„) and y(ci,...,c„) can be written as 
difference of two Hamiltonian vector fields 

^(ci,...,c„) =U2SH- u, 5K, Z(ci,...,c.) = u;2 6H' - u, 5K' 
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with non polynomial hamiltonian densities: 


H[r] 

H'[r] 



c*(r*)ryogr* dx, 
cHr") • 

——r* logr^ dx, 


n « 

K[r] = '^2 / r*c*(r*)r*logr* dx. (1.5) 

i=i '' 
n p 

/ c*(r*)rJ,logrJ,dx. (1.6) 

i=i 


• The coefficients Fk{u,Ux, ■ ■ ■ ,M(a:)) of the Miura transformation (I1.3D are as¬ 
sumed to depend polynomially on the derivatives of u\ Removing this as¬ 
sumption the classification problem becomes "trivial": all deformations turn 
out to be equivalent to their dispersionless limit. This remarkable property 
of the deformations was discovered in HTTIl and it is called quasitriviality. For 
instance, it is easy to check that the canonical quasi-Miura transformation gen¬ 
erated by the Hamiltonian H defined in the formula (ll.5|) reduces the pencil 
Tlf to the form uf — Xu'f + 

In the present paper we start the study of the non semisimple case. Whereas 
the semisimple case is fairly understood, the non semisimple case is widely open. 
Beside computational difficulties, the lack of canonical coordinates, or at least of 
a normal form theorem for non semisimple pencils, makes very hard a unified 
approach to the problem. For this reason in this paper we try and get some infor¬ 
mation on the general case focusing on two special subcases where computations 
are feasible: 

The deformations of Poisson pencils related to two-dimensional Balinskii-Novikov alge¬ 
bras /HJ and the associated invariant bilinear forms. These are two component Poisson 
pencils that can be reduced to the form 

ujf - Xuf = - Xq^^d, 

where depends linearly on the variable ..., vT) and the coefficients and 
are constant. Special deformations associated with second and third order cocycles 
of Balinskii-Novikov algebras naturally arise in the study of multi-component gen¬ 
eralizations of the Camassa-Holm equation Il34l . We will consider deformations of 
two component non degenerate structures related to Balinskii-Novikov algebras, 
that is the cases T3, N3, N4 (for = 0), N5 and N 6 (for k f —1) oi the Bai-Meng's 
list ||3l (which is recalled afterwards in Section |2l Table IZ). The cases N1 and N4 
with q^^ f 0 are semisimple and then they are covered by Dubrovin-Liu-Zhang 
theory The non semisimple structures we focus on are summarized on the next 
table, where we also write down the corresponding affinor L = gq~^. 
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Table 1: Pair of metrics of bi-Hamiltonian structures. 


Type 


(T3) 

(N5) 

(N3,N4,N6) 


Linear metrics 
9 



(O \ 

2{u^ + V?) J 

0 ( 1 - 1 - 
(1 + k)u^ 2u^ J 


Constant metrics 



Affinors 

L 




J 


0 i 

{1 + K,)U^ I 

/ 


We prove that in the cases T3, N3 (corresponding to k = 1 ), N5 and N 6 with 
K 7 ^ 0 , — 1 , —2 the deformations are quasi-trivial and can be reduced to the form 

Ux = U2- Xui + + O(e^) 

with iTj) = Ui 6H — uj 2 SK where 

ij ij 

and the functions hij and fij are uniquely determined by two arbitrary functions 
Fi, F 2 . Moreover both functions Fi and F 2 depend only on the eigenvalue of the 
affinor L. 

The cases N4 (corresponding to «; = 0) and N 6 with k = —2 are more involved 
and the functions labelling non Miura equivalent deformations are 4 (still depend¬ 
ing on the eigenvalue of the affinor L). 

In all cases one half of the arbitrary functions parametrizing the deformations 
(one in the two-parameter case, two in the four-parameter case) is related to a 
family of truncated structures and one half is invariant with respect to the Miura 
transformations that preserve the dispersionless limit. The invariant functions are 
related to the first coefficients of the expansion (|1.4|l (in the second case also the 
odd powers of p appear in this expansion): the coefficients of p^ in the case of the 
algebras T3, N3, N5 and N 6 with 7 ^ 0, —1, —2 and the coefficients of p and p^ in 
the case of the algebras N4 and N 6 with k = —2. Moreover our computations sug¬ 
gest that in the exceptional cases generic deformations are not quasi-trivial. This 
fact is rather unexepcted and deserves a deeper investigation. 


The lift of deformations of semisimple structures. These are obtained using an infi¬ 
nite dimensional version of the complete lift introduced by Yano and Kobayashi in 
Il35l . Whereas elementary, this case is important for it provides examples of full de¬ 
formations of non semisimple structures depending on functional parameters. By 
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construction all deformations of a n-component semisimple structure can be lifted 
to deformations of a 2?r-component non semisimple strucfure. This means that the 
deformations of the lifted Poisson pencils contain n functional parameters at least. 
This example suggests that also in the non semisimple case the deformations are 
unobstructed. 


2 Linear Poisson bivectors of hydrodynamic type 


Let us introduce Poisson bivector of hydrodynamic type on the loop space £(M). 
The tangent space to C{M) at a loop 7 : —)■ M is naturally identified with the 

space T{S^,'y*TM) of vector fields along 7 . On the other hand (a subspace of) the 
cotangent space to C{M) at 7 is identified with the space r(5'^, 7 *r*M) of covector 
fields along 7 , and the pairing between a tangent vector X and a covector ^ is just 
fsi^(X)dx. 

Let y be a pseudo-metric on M with Levi-Civita coimection V. For any covector 
^ E r(S^,j*T*M), let E r(S^,j*TM) be the pointwise metric dual of Given 
two covectors ^,rj E r(S^,'y*T*M), letting 


Js^ 

defines a bivector on C{M). As shown by Dubrovin and Novikov, P is a Poisson 
structure on C{M) if and only if V is flat IIT^ . In local coordinates m* on M and x 
on the Poisson tensor P is represented by a differential operator of the form 

= g‘Hu)d^ - g“rii,(u)ul ( 2 . 1 ) 


where Tjf. are the Christoffel symbols correponding to g. 

Dubrovin-Novikov operators naturally appear in the study of Hamiltonian quasi- 
linear systems of PDEs 


ul = VJ{u)ui, i = 

and their dispersive Hamiltonian deformations 

ui = v;(u)ui + £ + o(e"). 

In this paper we will study linear Hamiltonian operators. As proved by Balinskii 
and Novikov in ||^ these operators have the form 

p‘’ = (i-r++ i>Pi 
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where the numbers 6 ^^ are the structure constants of an algebra B satisfying the 
following properties 

a ■ {b ■ c) = b ■ {a ■ c), 

{a ■ b) ■ c — a ■ {b ■ c) = {a ■ c) ■ b — a ■ {c ■ b). 

We refer to them as Balinskii-Novikov algebras, even if in the literature they are often 
called Novikov algebras (following Il33l ). 

A first approach to the study of such algebras was made by Zelmanov ||38l. 
In low dimensions the problem of classification was addressed by Bai and Meng 
m HI and recently by Burde and de Graaf ||Zll, resulting in a complete description 
of one-, two- and three-dimensional Balinskii-Novikov algebras. Unfortunately, a 
full classification of these structures of dimension four and higher is far from being 
complete. 


2.1 Invariant bilinear forms and bi-Hamiltonian structures 

Given a Balinskii-Novikov algebra B, as observed in IlMl . any invariant bilinear 
symmetric form on it give rise to a bi-Hamiltonian structure in a canonical way. For 
convenience of the reader let us briefly recall how they are defined. Let e^,..., 
be a basis of B, and let 6^^ be the corresponding structure constants. A bilinear 
form rj : B X B F is called invariant if and only if 

ri{F ■ , e^) = ?7(e*, • e^). 


Bai and Meng classified these invariant bilinear forms on two- and three-dimensional 
Balinskii-Novikov algebras in fSHU. For future reference we recall the two-dimensional 
classification in the following table. 

Table 2: Two-dimensional Balinskii-Novikov algebras and invariant bilinear forms. 


Type 


Characteristic 
matrix e® • 


Linear Poisson 
structure 


Invariant 
bilinear forms 


(Tl) 

(T2) 

(T3) 

(Nl) 




^11 ^ 12 \ 
^21 ^22j 


(2u‘^dx -I- ul o\ 

I 0 oj 
/ 0 

y-Fdx - ul 0 J 

(2u^dx +ul. 0 \ 

y 0 2u'^dx + ulj 



ol 2 


0 

„22 
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(N2) 

(N3) 

(N4) 

(N5) 

(N6) 





el \ 
e^+ey 



K 7 ^ 0,1 


f 2v}dx + u\ o\ 

I 0 oj 


/ 2v}dx + u], 2u^dx + 

0 j 

( 0 v}dx + \ 

[u^dx 2u‘^dx + ulj 

( 0 u^dx + u], 

yul|9a; 2{v} + V?)dx + V?x + u]. 


i “ 

y(l + K)u^dx + K^l 


(1 + K)v}dx + 

2v?dx + j 



0 

„22 


0 

^12 

„22 



Remark. Notice that the case N4 with 7]^^ 7 ^ 0 is semisimple. For this reason we 
will consider only the case = 0. The cases N3 and N4 can be considered as 
subcases of N 6 , if we remove the constraints k ^ 0,1. Indeed, for k = 0 we easily 
get N4 (with = 0) while N3 is equivalent to the case k = 1, up to swapping 
the local coordinates According to ||3|], this distinction is due to different 

algebraic properties: the cases N3 and N4 are characterized by the associativity 
of the algebra, while this is not the case of N 6 with k 7 ^ 0,1. However, for our 
purposes, we do not need to distinguish these cases. 

Let us point out that adding the constraint = 77 ^^ in T1 and N4, the bilin¬ 
ear invariant forms associated with two-dimensional Balinskii-Novikov algebra 
become symmetric. As observed by Strachan and Szablikowski in Il34ll the associ¬ 
ated Hamiltonian operator is compatible with the linear Hamiltonian opera¬ 
tor defining the Balinskii-Novikov algebra. 

Remark. A pair of compatible flat metrics defines a (2 + l)-Poisson structure of hy¬ 
drodynamic type under some additional conditions. Among the structures com¬ 
ing from two component Balinskii-Novikov algebras, such additional conditions 
are satisfied just by N6 with k = —2 iMlISTl 13211181 . 

2.2 Classification results 

In this section we provide a classification of second order deformations of Poisson 
pencils coming from Balinskii-Novikov algebras. 

By definition, a k-th deformation of a Poisson pencil of hydrodynamic type 
(|1.2)l is a deformation (|l.l)l such that [Ha, Ha] = Here where denotes 
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the distribution 


fc+i 


^ ^ ^ 2 ;fc,z(«> Ux,---, u^i))S^^ - y) 

k>l 1=0 
/ k+1 

-X UJ\^ + A]k,liu, Wx, • • • , - y) I , 


k>l 1=0 

and the Schouten bracket is defined as follows IITSB : 


[Ilx,fl,y^\x,y,z) = 

+ ■ o9n?(y..) 




du[^^{x) 

We have to distinguish two cases: 

1. The cases T3, N3, N5 and N6 with k ^ 0, —1, —2 where second order de¬ 
formed strucfures depend on fwo functions. 

2. The remaining cases N4 (which corresponds to k = 0) and N6 with k = —2, 
namely 

^ 0 f 0 ±u^' 


9 i I ^12 ^22 92 y 


1 0„,2 > 


where second order deformed strucfures depend on four functions. 

Theorem 1 . In the cases T3, N3, N5 and N6 with k ^ 0, —1, —2, second order defo 
tions can he reduced by a Miura transformation to the form 

Ha = 022 - Atai e^LieX(^^^^^ja;2 -H O(e^) 

with X(Fi,f 2 ) = dH — 0 J 2 SK where 

dx, K[u] = [ Y1 dx, 


<rma- 






and the functions hij and kij are uniquely determined in terms of two arbitrary functions 
Fi,F 2 depending only on the eigenvalue of the affinor L = § 291 ^- Calling K, = (/c^) 
and H = (hij), we have /C = L^H, where means the transpose of L, and H is given 
respectively for each case by 


T3.‘ h \2 — /z -22 — 0 and 


hii = 


12 2 
77 u 

-^—T 

g 77 '^'^u-'- 


3r] 


12 


rf'^u^F!^ + 


+ rf^vX 
vX 


F 2 ] — Fi, /i21 — 


12 2 
7] U 
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• N5: hi 2 = h 22 = 0 and 


^y2r]^'^{u^ + — Tf‘^u^F2 — rf‘^)F2 

hii = -- 1 “ 


3?7^2 
^21 = 


\/2r]^‘^{u^ + ~ 2rj^‘^' 

1 


3^y2r]^^{u^ + u^) — rf'^u^ 

N3, N6 {n 7 ^ 0, —1, — 2 ); hi 2 = /122 = 0 and 

(2ri^‘^u^ — {k + l)r]‘^'^u^)^ F2 rf‘^{2rf'^v?‘ — (k + Vjrf^n})^ F2 


hu — 


3(k+ 1)V^ 


Qr] 


12 




+ 2) ’ 


{2r]^^u^ — {k + l)r]‘^'^u^) 2 
^21 = --—jT- ^2- 

3{n + 1 ) 


Here Fi = Fi{v}), z = 1,2. 


In the case N4, namely 


0 r]^‘^ 

12 2 
T] Tj 


^2 I 12 22 \ ■> 9 ^ I „,1 On,2 / ’ 


0 

2v? 


the second order deformations can be reduced by a Miura transformation to the form 

n_x = UJ2 — Awi + e^LiexW2 + C^(e^) 


where 

= X\ul, + Xl{ulf + Xlvful + Xl{ulf + Xlul,, 

with 



= 0 , 

^2 

= OFu 

^3 

= di{eF2) 

xl 

= d2{9F2), 

XI 

= OF2, 


= 0 , 

^2 

= OFs, 


= di (e^F, 


diF2 \ 
^12 J 
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= d2(d^F4- 




V 


12 


= e^F. 


diF2 

nl 2 


In the above formulas Fi are 4 arbitrary functions ofu^ and 9 = — 2rf‘^v?) ^ 


In the case N6 with k = —2, namely 


0 

9^ = I ^12 ^22 ; > 


92 = 


0 -u^ 

—u^ 2u^ I 


the second order deformations can be reduced by a Miura transformation to the form 

Ilx = U 2 - Aoii + e^LiexW 2 + 0{e^) (2.2) 

where 


X* = x>L + x^2{<r + xyx + xiiutY + x>: 


^XX 5 


with 


Xl = 0 , 


^2 


^3 

^5 


= 2y'^'^9 [ 9^ F4- 


df9^F2) 


12 


Xf = 
Xl = 

-2 


Xl = di{9^F4 


V 

2y^^9'^Fi-df9^F2), 

-Ay^^9^F2, 

9^F2, 

0 , 

Fs, 

dU9^F2) 


+ 9F^, 


^12 


X! 

xl 


= 4:0^9^ F2) +82(9-^ FY, 


V 


12 


In the above formulas Fi are 4 arbitrary functions ofu^ and 9 = + rf^uY~^- 

Due to its technical nature, we postpone the proof to Appendix lAl 

Corollary 2 . In the cases T3, N3, N5 and N6 with k f 0 ,- 1 ,— 2 , all second order 
deformations are quasi-trivial. 


12 







Proof: 


By construction the canonical quasi-Miura transformation generated by H[u] re¬ 
duces the pencil to its dispersionless limit up to terms of order 0{e^). 

■ 

Remark. General Miura transformations have the form 

= f{u) + ... ,M(fc)). 

k>l 

where det|^ 7 ^ 0. In this paper we are interested in Miura transformations pre¬ 
serving the disperionless limit and for this reason we consider the subgroup 

u' e’^FKu, U(k))- 

k>l 

Indeed, the only diffeomorphism preserving both metrics of the pencil is the iden¬ 
tity 


2.3 Invariants of bi-Hamiltonian structures 

As already mentioned in the Introduction, the central invariants for deformations 
of semisimple Poisson pencils of hydrodynamic type (11.11) are related to the roots 
of the equation 

det - Xg\^ + ^ (^ 2 ;fc,o(“) “ ^dl* 4 ,o(“)) = 0 - 

V k>l ) 

Expanding these roots near A* = r* one obtains a series: 

cx> 

A‘ = r‘ + A-/, (2.3) 

k=\ 

whose coefficients are invariants (up to permutations) with respect to Miura trans¬ 
formations as shown by Dubrovin, Liu and Zhang in llT^ . 

Due to the skew-symmetry of the pencil, the sum and product of the roots 
contain only even powers of p. In the semisimple case also the expansions (12.31) 
of the roots contain only even powers of p, while in the non semisimple case, in 
general also odd powers are allowed. For instance, in the case of deformations 
of non semisimple pencils associated with Balinskii-Novikov algebras one obtains 
the expansions 

00 00 

=U^ + XIp^^ = u^ + XIp^. (2.4) 

k=l k=l 
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where, due to skew-symmetry: 


\i 

^2fc+l 


+ ^L +1 - 0 ; 


^\k ^2k — 0 - 


(2.5) 


Thus it is natural to divide Poisson pencils associated with Balinskii-Novikov al¬ 
gebras in two classes: those admitting as invariants Aj = —Af and A 2 = A^ (and 
eventually higher order coefficients of the expansions (|2.4)l l and those admitting as 
invariants only A. 

O). 


A 2 (and eventually higher order coefficients of the expansions 


2.3.1 The cases T3, N3, N5 and N6 with k ^ 0, —1, —2. 

In the cases T3, N3, N5 and N6 with k ^ 0, —1, —2, the expansions of A* do not 
contain the linear term in p and the coefficients of the quadratic terms A 2 = A 2 are 
related to the functional parameter F 2 . 


Theorem 3. Let u}\ = U 2 — Acui bi-Hamiltonian structure corresponding to one of the 
Balinskit-Novikov algebras T3, N3, N5 and N6 with n f 0, —1, —2 and the associated 
symmetric bilinear invariant form rj. Let us consider a bi-Hamiltonian structures Ha of 
the form (|1.H) with leading term uf. Then the coefficients Xl and A| of the expansion (12.31) 
coincide and they are related to the functional parameter F 2 by the formulas: 

7,1 ^12^2 

• T3: A* = F2(u^). 


• N5: A* 


u^F2{u^) 


• N3, N6 with n fO, —1, —2; A 2 


[K- 




{k + l)r] 




K. — 1 

I 2 


.12 


F2{u^). 


Proof: 


We are going to prove this statement in the case T3 with 7 ^ 2 ^ fz 0 . In this case the 
dispersionless limit is given by 


U) 


ij 

1 







If we write the pencil in the standard form 

2 k+l 

n*/ = > «(0) - ^^tkM • • • ’ “(o)) + C»(e^) 

k=l 1=0 
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the first two terms of the expansion (|1.4|) are 


( 2 . 6 ) 

(2.7) 


A* = 0 

, ^ 1 , jPir , + P^pp 

2 ^12 ^2 ^1 2^12 

where 


Pe{u) = A;^i,2(«)> 



hi = 1, 


n, 0 = 1,2. 


We know from general theory that these coefficients are invariant up to permuta¬ 
tions. The condition = A|„ implies that are genuine invariants. 

Using this the proof is a straightforward computation: substituting the relations 


Pl=P 2 = Ql 



Q 2 — 


0 

„ 12„2 


u^e 


'F 2 {u^) 


, u^e 


'F 2 {u^) 


in the formula (|2.7|l we get the result. Remaining cases can be proved following 
the same procedure. 


Remark. The invariant A 2 can be also written as 

^2 = -^ReS;^^^Tr(^-^AA) 

where A is the eigenvalue of the affinor L = ^201 ^ and A*/ 


« + U9x%P‘>!Px’- 


2.3.2 The cases N4 and N6 with n = —2 


In the remaining cases the expansion of A* contains also the linear term in p and the 
invariants A} = —A^ and A 2 = A^ are related to the functional parameters F 2 and F 4 
respectively. 

Theorem 4. Let u)\ = U 2 — Awi bi-Hamiltonian structure corresponding to one of the 
Balinskii-Novikov algebras N4 and N 6 with n = —2 and the associated symmetric bilinear 
invariant form y. Let us consider a bi-Hamiltonian structures Ha of the form with 
leading term ojf. Then, the invariants (A*]^)^ and are related to the functional parameters 
F 2 and F 4 through the formulas: 


• N4: 


(Al) 


2 


A* 


2 u^F 2 

(7/12)3’ 

^1(771^2) _ 77IF4 

(r;12)2 7^12^/Z2))12^7T^)^' 
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• N6, K = —2: 


(Ai) 


2 


A* 


2u^F2 

(^12)3(2,^12^2 _|_ ’ 

_ {2r]V - rf'^u^)F2 + 

rf ‘^{ 2 ' q ^‘^ V ?‘ + ?^ 22 ,, 1 ) 3/2 (,^ 12 ) 2 ( 2 ,^ 12,,2 _|_ ^ 22 ^ 1 ' j 3 


Proof: 


We outline the proof in the case N4 (corresponding to «; = 0). In this case, the 
standard form of the pencil is 


n« = u,‘i + + o(e“) = u,‘i + (e«,a“ + e«,a^ + e;{,a, + e«,) + o((\ 

where 


and 


0(3) = 


0 


u _ I - - 1 + 





nl 2 


X I ^ ^ 1 o 

^ ' ^12 ^22 I 


“"-P ’2 

7JT' 


2u^F2 

2^12y^2_ri22ul 

U^F4 


u^F' 


u^Fj 


+ 


2u^F2 






I 2v?F2 


^-2r?12„2+,,22„l 2 j?12«2_,,22„1 

4u2F4 


4“^ P’2 


\/-2»? 


124,2+7722^1 


From the general theory and from relations (|2.5|) we know that (A®,)^ and X 2 
invariants. Using the invariance the proof is a straightforward computation. The 
case N 6 with n = —2 can be treated in a similar way. ■ 


Remark. The function can be also written as 

0 ( 1 ) = 

where A is the eigenvalue of the affinor L = ^ and A*/ = Q"l + . 


3 Truncated structures 

In Theorems 121 m we proved the invariant nature of some functional parameters ap¬ 
pearing in deformations. In this section we prove that the remaining parameters 
are related to truncated structures. These are Poisson pencils of the form (II.1|) de¬ 
pending polynomially on the parameter e (that is the sum in ( 11 . 11 ) contains finitely 
many terms). We show that setting to zero the invariant parameters we obtain 
deformations that are Miura equivalent to truncated pencils up to the order three. 
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More precisely we prove that in the cases T3, N3, N5 and N 6 with k 7 ^ 0, —1, —2 
the additional parameter provides a one-parameter family of truncated structures, 
while in the cases N4 and N 6 with k = —2 the two additional parameters provide 
a two-parameter family of truncated structures. 

Theorem 5. In the cases T3, N3, N5 and N6 with n ^ 0,-1, — 2 , the second order 
deformations with F 2 = 0 can be reduced by a Miura transformation to the form 11^ = 
ujx O(e^) where 


0 = 


0 0 

,0 2 /, 


dl + 


0 0 

,0 3/, 


dl + 


0 0 
,0 u 


dx 


(3.1) 


with f = f{u^). Moreover the truncated -pencil u)\ + is a Poisson pencil. 


Proof: 


The form (|3.H) can be easily obtained from the results of Theorem [T] rescaling the 
function Fi. In particular, we have to set 

. Fi(Mi) = ^,forT3, 

• Fi{u^) = N5, 

12 f/ 1 \ 

• Fi(u^) = —^for N3, N 6 with k 7 ^ 0, —1, — 2 . 

(1 -I- KjU^ 

To prove that cua -I- e^0 is a Poisson pencil, we have to show that 

^[e,Qy^\x,y,z) = 


du^fx) 


du^fz) 


du\^fy) y 


Taking into account that 0^^ = 0^^ = 0^^ = 0 and = 0, we obtain the result. 


(s) 


Theorem 6 . In the case N6 with k = —2 the second order deformations with F 2 = F 4 = 0 
can be reduced by a Miura transformation to the form Ha = a; a -I- e^0 -I- O(e^) where 


0 







(3.2) 


with f = f{u^) and g = {h{u^)ul.)^ + h{u^)ul.^. Moreover the truncated pencil ux + e^0 
is a Poisson pencil. 
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Proof: 


Here we prove only the first part of the theorem. The second part can be obtained 
as above by straightforward computation. 

By Theorem [T] we have 

Ea = a;2 - Awi + e^LiexCo ’2 + C>(e^), 

where the component of the vector field X are given by 

X^=eF,{ul)\ X^ = F,{ul)\ 
with 6 = The Miura transformation 

ti* —)■ exp(—ey)ri*, i = 1 , 2 , 


generated by the vector field Y of components 


yi = -r]^‘^Rul^-r]^^diR{uiy-r]^^d2Rulul, 

- v^^d2R)ulul + v^^d^Riulf + 


with R = 
where 


u^Fi 


27712 (2?7'-2 ji2-1-^22 ^1 ^ 


jT, reduces the pencil to the form ci ;2 —Aa;i + e^Liej^a ;2 + C>(e^)/ 


X' = 

= 


eu^Fiul^ 


eu^F[ 


e'\r]V + r]'^‘\^)F, ) {ulf + eY^u^F.ulul 


Orf'^u^ Fiu].^ Ou^Fiu. 


277^2 

erf‘^u^F[ 

27 ] 


+ 


+ 


9u^Fi 


+ 0"(7/'V + ?7 ^V)FiU>; 


12 


2 V 2 

+ 9^v""u^F, - F,] {ulf - 9W"u^F,{ulf. 




To conclude it is easy to check that Liej 5 fa ;2 coincides with (13.21) {Fi = — and 

^3 = “ ■ 

Theorem 7. In the case N4 with F 2 = F 4 = 0 the second order deformations can be 
reduced by a Miura transformation to the form Ea = wa + e^0 + 0{e^) where 

0 = 1 ° i]di+( ° di+ 4 + K , 0 . 3 ) 


0 qr 


-qr qT 


QV qr 


M qY 


with 

,22 


qr = 2 /, 

qr = 49r^ful 

qf = 3ful, 
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Qi 


11 


,12 


Qi 




i29r]^^f - + 2e'^h){ulf, 

(-607^1 V' - mYW^f + ‘i0^h){ulf + - 807^^V^L, 

(/" + 2e{r,^^)-^h' + 602(7^^2)-^7;^2/7)(77i)^ - m^hulul + (/' + 40(77^^)-^/7)77L, 

- (4(07^^^) V'+ seHv^rv^^f) (nir+nor^^rnuirui - siev^rHui, 

{29'^ h' + A9^r]'^‘^h){ul.)^ — 89^r]^‘^h{ul)‘^ul + A9‘^hul.ul^, 

{-29r]^^f" - 89^r]^^r]‘^^f - 129^r]^\ri‘^Y f)iulf 
+mov^rf+^oo^v^rv^^fxuirui+{-89v^^f - 
-32{9v^yful{uir + 8{9v^rf«. + nOv^^ffuLul - A9r^^^ful^^, 

( 0 ( 7 ^ 12 )-!/," + 402 ^^ 12 ^- 1 ^ 22 ;^, ^ g ^ 3 ^^ 12)-1 ^^ 22 ^ 2 ;^) ^^1 )3 

+ i-69^h - 209^v^^h)iuirul + + 89^iv^^)-^v^^h)ulul 

+ 169^7]^'^hul{ul)‘^ - 29‘^hulul^ - 4:9'^hul^ul + 9{r]^‘^)~^hul^^, 


where f = f{u^), h = h{u^) and 9 = {2ri^‘^v? — rf'^v}) ^ Moreover the truncated pencil 
cua + e^0 is a Poisson pencil. 


Proof: 


By Theorem [T] we have Ha = 012 — Awi + e^Liex <^2 + C>(e^), where the components 
of the vector field X are given by 

= -9F,{ulf, = -9Fs{ulf, 

with 9 = {2p^‘^vP‘ — 77 ^^ 77 ^)“T The Miura transformation 

77* —;■ exp( —ey)7i*, 7 = 1,2, 

generated by the vector field Y of components 

yi = -p^‘^Rul^-p^‘^diR{ulf-p^‘^d2Rulul, 

= -p^^Rul^ - p^^d,R{ulf + {p^^d,R - p^^d2R)ulul + p^^d^Riulf + 

with R = reduces the pencil to the form 

UJ 2 — Atui T £ Tiej^ca2 T 0(6^), 


where 


2 

0?7^^77^Fi77^^ 

27/12 


/ 077 IF/ 




0^(77^^77^ — p^‘^V?)Fi ) ( 77 ^)^ — 0^?7^^77^Fi77^77 


077 IF 177 L (ou^n 
2 V 2 


+ 02(,;12^2^ ^22^2)^ \ ^ 1^2 


2 
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I /i2 22 277 /}Z7 1 / I /i2 12 1 t7 / 2\2 

+ u r] u 1^1 - ur3 \ [u^) +dr] u ri[uj 


fdif^u^F[ 

^ V 277 I 2 

To conclude the first part of the theorem we observe that it is easy to check that 
Lie;j^a ;2 = 0 (Fi = and F 3 = —The second part is a cumbersome 
computation. 


Remark. Truncated Poisson pencils of the form 


n*/ = tar 


E(42,z - 


-0 


(3.4) 


«=o 


z=o 


where ujx is a Poisson pencil of hydrodynamic type associated with a Balinskii- 
Novikov algebra appear in IlMl . In this case the coefficients 


A^j A^j A^j Fj 
^ 2 ; 1 , 0 ) ^ 2 ; 2 , 0 ) ^ 1 ; 2,0 


are related with second and third order cocycles of the Balinskii-Novikov alge¬ 
bra. In order to reduce deformations of the form (|3.4|l to the canonical form Ha = 
ux + e^0 -I- 0{e^) one has to peform a Miura transformation producing (in gen¬ 
eral) infinitely many terms in the right hand side of (13.41) . For this reason (in gen¬ 
eral) Strachan-Szablikowski truncated pencils correspond in our framework to non 
truncated pencils. 


4 Lifts of Poisson structures 

Given a differentiable manifold M, there is a natural way for lifting tensor fields 
and affine connections from M to its tangent bundle T M, viewed as a manifold 
itself. Such a lift is named complete lift and has been extensively studied by Yano 
and Kobayashi Il35l l36l |37|| . In this section we apply this construction to Poisson 
tensors defined on a suitable loop space. 


4.1 Complete lift 


Let us recall the definition and some properties of complete lift, referring to origi¬ 
nal papers mentioned above for more details. 

Given local coordinates ..., on M, let ..., m", ..., be the induced 

bundle coordinates on TM so that any tangent vector on M has the form v^-^. The 
complete lift of a function /, a one form a = aidu^, and a vector field X = is 

defined respectively by 


f = v^ 


du^ ’ 


,• dai 


— — -dF' -I- aidv\ 


a = V 


du^ 


X = X* 


A 

du^ 


+ 


,.ax* d 

du^ df ® 


(4.1) 
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It follows readily from these local expressions that a{X) lifts to a{X), and a com¬ 
mutator [X, Y] lifts to [X,Y]. 

Lifted vector fields (resp. one-forms) span the tangent (resp. cotangent) space 
of TM at any point which does not belong to the zero section {u = 0}. As a 
consequence, one can define the complete lift K of any given tensor field K just by 
imposing that any contraction with a vector field A or a one-form a on M lifts to 
the contraction of K with X or a. Then one check that exterior derivative and Lie 
derivative are invariant with respect to the complete lift, meaning that lifts to 
for any differential form ^ and that a Lie derivative LxK lifts \o L^K. 

It may be useful to have at hand explicit expressions for some special classes of 
tensors. In particular, the complete lift of a bilinear form g = Qijdu^ ( 8 ) du^ turns out 
to be 

g = v^^^du^ ( 8 ) du^ + gijdvd ® dv^ + gijdv^ ( 8 ) du^, (4.2) 

and a trilinear form T = Tij^du^ (8) du^ ® dv!^ lifts to 
dT- ■ 

T = -^^dvd ®du^ ®du^+Tijkdv!' ®du^ ®dv^+Tijkdvd ®dv^ ®du^+Tijkdv'^ ®du^ ®du^. 

Moreover, an endomorphism of the tangent bundle A = ® du^ lifts to 

• d .dA) d ■ ■ d 

A = Aj— (8) du^ -1- (8) du^ -F A]— ® dv^, (4.3) 

and the lift of a bilinear product on vector fields ■ = du^ ® du^ is 


= c 


'ikTT-® du-^ ® du +V -TTTTr- 

du^ dv^ 


Finally, any bivector P = P^^^ 




d 

) du^ ® du^ + d'jk'^ ^ dv^ ® du^. (4.4) 


^ lifts to 


P 


■ d d d 

< 8 ) 

dti® dv^ dv^ 


d udP^^ d 

-- + -- 

du^ du^ dv^ 


A 

dv^ 


(4.5) 


Let now = L*^^ ( 8 ) du^ be an affine coimection on M. Its complete lift 

V is an affine coimection on TM defined by requiring that for all vector fields X 
on M the endomorphism VA lifts to VA. Using that and u’'-^ lift to ^ and 
A respectively, one can check that 


'A 


= ® du^ + v‘ 


du 


.^A 

du^ dv^ 


® du^ + TU A (g) dyi ^ 


dv^ 


(4.6) 
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(4.7) 


- d ■ d 

V— = V\^—®du^. 

dV^ Qr^l 

Readily from definition one deduces that for any tensor field K on M the complete 
lift of VK equals VK. In particular, any flat tensor (VK = 0) lifts to a flat tensor 
{y K = 0). Moreover it holds the following ll^ Proposition 7.1]; 


Proposition 8. The torsion and the curvature ofV are the complete lift of the torsion and 
the curvature ofV. 


Remark. Since the lift it is well defined for tensors and coimections we can apply 
it to the geometric structures defining a Frobenius manifolds. As a result one ob¬ 
tain a lifted Frobenius structure. We discuss this construction in more detail in the 
Appendix El 


4.2 Lift of Poisson structures of hydrodynamic type 

The class of structures that can be lifted to the tangent bundle by means of com¬ 
plete lift includes symplectic forms and more generally Poisson tensors. The latter 
has been studied in some detail by Mitric and Vaisman ll^ . Since the Schouten 
bracket is defined in terms of Lie derivative, if follows that it is invariant by com¬ 
plete lift as well. As a consequence, the complete lift of a bi-Hamiltonian structure 
Px = P + XQ, where A G R and P, Q are Poisson tensors on M satisfying [P, Q] = 0, 
is a bi-Hamiltonian structure Px = P + XQ. 

Recall that, in local coordinates w® on M and x on the Poisson tensor P at 
^ = u{x) is represented by ^ <8) where 

+ = (4.8) 

Here is the inverse of the matrix gij which represents g locally, and 

being P-^^ the Christotfel symbols of g. It is clear that P can be lifted to C{TM) 

defining P as 

P»P = + ay = l,...,2n, 

where g is the lift of the contravariant metric, are the contravariant Christotfel 
symbols of the lifted Levi-Civita coimection and we set rt®®+® = v\ Indeed one has 
only to check that V is the Levi-Civita connection of the lifted metric g. But this 
follows by uniqueness of Levi-Civita connection together with the fact that = 0 
for Vy = 0, and that V is torsion free by Proposition [8] and by torsion-freeness of 
V. Therefore g defines a Poisson structure of hydrodynamic type P on C{TM). 

Remark. It is easy to check that the lift P is uniquely defined by the requirement 
(the analogous property in the finite dimensional case has been observed in |l30l) 

{H^,H^}p= [ {v,{pg}p)dx (4.9) 

Js^ 
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where = fgi(^,v) dx and {•, -jp is the Poisson bracket on 1-forms IIT9ll29l de¬ 
fined by a 111 : 


V}j = 9 


kl 




d{0 






d{v)j 

dul) 


Proposition 9. In local coordinates m*, p* on TM one has 


+ 


A 

dp* 


(4.10) 


v\hl+K)d. + v^^^,ul + hU 


A 

dv^ 


(4.11) 


Proof: 


Thanks to (14.811 we have to determine the coefficients y*^ and for the lifted metric 
g. To this end, let be the metric dual of the coordinate one-form du^ on M. This 
means that is the unique vector field on M such that g{W\ ■) = du^, and clearly 
one has 

Wl = g« A. (4.12) 

Moreover, well known properties of Christoffel symbols yield 

= m^®du^. (4.13) 

d-u* 

Therefore one can write 

P = W^ + ®—, (4.14) 

ou^ ou^ 

wehere 7 = 

Let and be the metric dual of du^ and dv^ with respect to the lifted metric 
g on TM. One can readily check by (|4.2)l that 

U’ = (4.15) 

On the other hand, by (14.11) the lift of du^ turns out to be dvK Therefore , 

so that 

(4.16) 

where we used the identity 

d(fi 

^ = (4.17) 
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In particular , whence by definition of lifted connection and equations 

(I4.13D , (14.31) it follows 


^ du^ du^ dv^ 


d 

-Q^i 


du’^ + ® dv^ 


On the other hand, by (I4.7|) one calculates 

whence, thanks to the identity (|4.17|) . one concludes 

vf/^' = ® du\ 

^ dv^ 


(4.18) 


(4.19) 


(4.20) 


The statement then follows by simple calculations from equations (14.151) , (14.161) , 
(14.181) , (14.201) and the identity 


P = u^(^ ® A + ^ a A + ® A, 

ou^ ou^ av^ ov^ 

where 7 = u'^-^ + ^or any loop 7 = {u{x),v{x)) in TM. 


(4.21) 


4.3 Lift of bivectors in the loop space 


In matrix notation the lift (|4.1H) takes the form 


P 


0 \ 

pij k dP^ 


(4.22) 


whence it is clear that one can lift to C{TM) any given Poisson structure (non- 
necessarily of hydrodynamic type) on the loop space C{M). The proof of this fact 
is contained in the book Il23ll in the framework of linearization of Hamiltonian 
objects a.k.a. formal or universal linearization (see for instance | l24ll2T| l or tangent 
covering (see for instance ||22l). We provide here a different direct proof which 
rests just on the Schouten bracket formula given in llTSB . 


Theorem 10. Suppose that 

k+l 

pp,y = Pki^ -y,u,u^,..., Uk+i) = - y). 

m=0 

aTid 

k+l 

Q"ly = Q'l{x-y,u,u^,...,Uk+i) = ^p;^(w,w^,...,wfc+i)(i(^+^"”^^(x-|/). 

m=0 


24 





























have vanishing Schouten bracket 


Q]x,y,z 


ijk _ 


dPik. 




du[„(x) 


apki 

atPiK + xrT^dtQ‘l,+ 




dQki Qpjk QQjk 

^Z,x og plj _ y,z pfsr)h i ^y,z ps ph _ q 

dul^iz) ^ dul^iy) dul^iy) ^ ’ 


then also the lifted structures 


P = 


0 


P'' Ek,t^^ 


pi] 
k dPi^ 


(*) du']. 


(t). 


. / 0 

Q ^ 1 n*i V iP 


have vanishing Schouten bracket. 


Proof: 


Throughout in this proof will denote v* for alH = 1,... ,n. Moreover we fix 
the convention that latin indices i,j,k run from 1 through n, and greek indices 
a, (3,'y run from 1 through 2n. By straightforward computation we obtain 

• For a = i, (3 = j,^ = k: 

dpij gQij gpki 

= jVp^.d^Q^x^z + 


du^^.^(x] 




9uisfz] 


'z'^z,y 


dQtx ^spXi I 9PP ^ dQP 

^ ^ -S' /S k 77 -.A /\ 77 1J mCC 


dufp) * dufp) aufp) » >■ 

mnr’p ^ ^ T3>ki __ /^ki __ jDjk __ /^jk __ q 

oiiiv^c 1 ^ y ^x,y z^x ^z,x ^ y,z ^y^z 

For a = n + P = j^'j = k: 


QSpM ^ g 
V,X ^5 


fjpn+ij f)nrL+iJ 


lP'Q]tZ = 


ar)n+i,j a pk,n+i 

^^x,y hXk ' 


dul^^(x) 


duf^fz 


dul^^(x) 
df 


d:Q^zi+ 


du^^iz) 


af)k,n+i a pjk BOP 

^z,x os pXj _|_ y,z r^s/yx,n+i , ^y,z r^s pX,n+i _ 

^z-^z,v ' c\. \ \ ^v^v.x ct. A \ ^y^y,x 




dufJy) 


1] 

as TDlk 


au”px) 




-d‘P“ + 


3s) 

Qpki 


X 




3;q3 + 


apjx aQii 


.(f pa I_I_ - 0 

au"pz) ‘ du‘Jy) ’ dupy) » »■" ’ 


(«) 


since PP = QP, = 0 and Pf>^y, Q%y, Pff, do not depend on coordinates 
on the fibers. Similarly one can prove the vanishing of the Schouten bracket 

for a = i,f3 = n + j,'j = k and a = i,f3 = j,'y = n + k. 
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For a = n + i, (5 = n + = k: 

\pAZ^.. = + 


f)pn+i,n+j aQn+i,n+j apk,n+i 

a/37 _ ^’y _ 4 - _ ps pXk I_ asAX,n+j , 

dul^^ix) du^^iz) 


pAk,n+i a pn+j,k pQn+j,k 

^z.x ns pX,n+i I Vt^ pts Ax,n+i 1 as pX,n+i _ 

^z^z.v ' a. X “T „ N , — 


H)W’'' 

Q pn+i,n+j 


x,y 


dui^{y) du\^^{y) y y^- 

dQnA,n+j 


dP^i 


du-;;{x) 

. dQlix 


dlQlz + 7:!,. . dlPl^ + z^^^dlQly + 


^7)7) 


du\^^{z) 


du\^){z) 


dpi^ 

diPi\, + ^ diQl, + ^ 7;' . dtPl! 


'z z,y 


du\,){y) 


Using the identities 


a pn+i,n+j 

x,y 


dpiy 

x,y 


OQnpn+j 


9Qty 


dul){y) 


y y,^' 


(4.23) 


du^+^{x) du^^ix)’ du^+\x) dul^{x)' 

we finally get 

\P, = l^’. QfA. = 0 . 

Similarly one can prove the vanishing of the Schouten bracket for a = i, jS = 

n + j,p = n + k and a = n + i,j3 = j,p = n + k. 

For a = n + i, (3 = n + j,p = n + k: 

apn+i,n+j pp)'n.+i,n+j apn+k,n+i 

\p /Aaf}') _ x,y _ as A\,n+k , 'Ax,y _ ns p\,n+k j__ psA^,P>'+j 1 

^ dnUx) duUx) " duUz) 


\s) 
dQn+Kn+i 


\s)AI ^^{sY 

Qpn+j,n+k QQri+j,n+k 


_ as pX,n+j j_yi£_ asAX,n+i 

duUz) ^ ^’y ^ duUy) y^y’^ 




3^) 

Q pn+i,n+j 


x,y 


pr)n+i,n+j 

dlQlz + . dlPlt + 


du\^^{x) 


du\,^{y) 

f)n+k,n-\-i 

duUz) ^^^’y 


y y,x 


du[^^{x) 

QQn+k,n+i 

^ 9u{s){z) 

a pn+i,n+j 

^^y Qs Qn+l,n+k _j_ _ Qs pn+l,n+k _j_ z,x _ qsQ n-\-l,n+j _|_ 

1 C 33 T 7 .—J—/ / \ 33 33 %Z c\ 79—I—/ / \ Z Z^U 


a pn+j,n+k pQn+j,n+k 

diPiL + j]\ . diQi, + yr ,. dtPi:^ + 


^ 2 , 1 / 




X) 


dulp) dulp) > 

ap)n+i,n+j apn+k,n+i 

^^^,y as pn+l,n+k , ^ ' 

dulPx) ‘ ^ dulpz) 


9QA 


72+2 


a<(-) 


pn+j,n+k QQn+j,n+k 

^ s<Ay) 


^S^ 72 +;, 72 +j _|__ QS Qn-\-l,n-\-i _|_ ^ 72 +;, 72+2 

z Z^y /-N I ' ' -1/ .1/ 'T' - „ I ? , . ni 11 


^7)7) 


Using the identities (14.231) and the fact that the operator dx and the operator 


Efc,i 


72 +/c d 

{t) ’dvppix) 


commute, as it is immediate to check using the identity 


dx 


d 


d 


-dx 


d 


dv}y^{x) dv}y^{x) ^ ’ 
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we obtain 



1 A] n+2,nH-j',n+fc _ 

5 ^\x^y,z 



since [P, QYJ^^z = 0 by hypothesis. 


Remark. Notice that the lift of bivectors (|4.22|l is obtained from (I4.5D just replacing 

The lift of general tensor fields can be defined in ex- 

(fc) 

actly the same way For instance the lift of functionals, one forms and vector fields 
can be defined as 


F 


K - 

Su^ 


dx, 



dai 


\k) 


du] 


5u'‘+ai5v'‘, 


[k) 


X 



j,k 


j dX^ d 


As in the finite dimensional case the lift K of higher order tensor fields K can be 
defined requiring that any contraction with a vector field X or a one-form a on 
the loop space lifts to the contraction of K with X or a. As a consequence of this 
general rule the lift of a Hamiltonian vector field coincides with the Hamiltonian 
vector field obtained lifting the Poisson bivector and the Hamiltonian functional: 
PbH = PbH. In the Appendix C we check this fact. Finally we point out that 
the linearization of Hamiltonian objects mentioned above is nothing but the Yano- 
Kobayashi complete lift in the infinite-dimensional setting. 


4.4 Lift of deformations 

We have seen in the introduction that deformations of n-component semisimple 
Poisson pencils of hydrodynamic type depend on n arbitrary functions of a single 
variable. Applying the previous construction to this case we get a n-parameter 
family of deformations of the lifted Poisson pencil of hydrodynamic type. Due to 
obvious identity 

det-TT*-^ = ± (detTT*-^)^ 

any invariant coefficient comes with double multiplicity. This example suggests 
that deformations of non semisimple structures corresponding to those invariant 
parameters are unobstructed. 
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4.4.1 Example 

In the scalar case all second order deformations are given by 


IIa — ‘^udx + Ux — Xdx + e^{2sd^ + + s^xdx) + 


(4.24) 


where c is a constant and s{u) is an arbitrary function of u. Applying the lift we 
obtain a one-parameter family of deformations of a 2-component Poisson pencil of 
hydrodynamic type. 

Here we want to show this lift is equivalent, up to Miura transformations, to 
the case N3 (that is, N6 with k = 1) with F,iu^) = = 0. Let us consider second 

order deformations of A3 obtained in Theorem [U, and set = 0 (otherwise gi 
would not be the lift of the scalar constant metric rj = 1), = 1, Fi{v}) = 0 and 

FM) = 

The Miura transformation 

A —)■ exp(—ey)A, z = 1, 2, 
generated by the vector field Y of components 

£/ £11 £11 £f 

j 1 I d / 1\2 J 1 2 j 2 


reduces the pencil to the form 

nA = 


0 Ha 

Ha 


9«{t), 


where IIa coincides with (I4.24|l setting = u and f{u^) = 


s(u . 


A Appendix: Computations of deformations 

In this appendix we give a sketch of the proof of Theorem [U, providing the compu¬ 
tations of deformations in detail. First of all we observe that the pencil 11^ can be 
always reduced to the form 

IIa = cua -I- eQi + e^Q2 + -|- ... (A.l) 


by a suitable Miura transformation. The proof is due to Getzler and it is based on 
the study of Poisson-Lichnerowicz cohomology groups ||20B (an alternative proof 
can be found in |l9l[T5l,|26l) : 




keijd^ : 

im{d^ : ^ AIJ 
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for Poisson bivector of hydrodynamic type u. The differential is defined as 

:= [ta, • ] 

where the square bracket is the Schouten bracket. Getzler also proved the triviality 
of cohomology for any positive integer j (in particular the triviality of deforma¬ 
tions is related to the vanishing of the second cohomology group). 

A.l First order deformations 

The pencil (|A.1)I is a deformation of u\ if it satisfies the Jacobi identity for every A, 
that is 

[Q,Q] = [u,,Q]=0. 

where Q = UJ 2 + eQi + e^Q 2 + e^Qs -I- .... This implies in particular 

[<^2) Qi] = [<^i) Qi] = 0. 

In other words Qi is a cocycle for both the differentials d^^ and d^ 2 - Using the 
triviality of ta) and ca) we obtain Qi = d^^X = Liexta 2 for a 

suitable vector field of degree 1 

X* = Xi{u\u^)ul + u^)ul, i = l,2, 


satisfying 


0 . 


It is not difficult to prove that among the solutions of the above equation those 
corresponding to trivial deformations have the form X = coidH + uj 2 dK, where 
the hamiltonian denisties are differential polynonials of degree 0, namely H = 
J h{u^,v^) dx and K = J k{v},u^) dx. It turns out that in our case all first order 
defomations are trivial. All details below, case by case. 


A.1.1 T3. First order deformations 


Let us point out that in this case the vanishing of the coefficient implies that 
the affinor L* assumes diagonal form, while for 7 ^ 0 it corresponds to one 2 x 2 
Jordan block case (as well as all other cases we are dealing with). Recall that we 
are assuming 77 ^^ ^ 0. The vector field X solution of d^^d^^^X = 0 is given in 
components by 


xl = xl xl = xl 


Xl = 


^22 


^12 


di{Xlu^) 



29 1 

r] u 


V 


12 



du^ -I- F, 
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„22 

= xl + ^ (X^ + u\d2Xl - diX^,)) , 

where F = F{u^). The components F* of the vector field Y = oji5H + oj25K are 
given by = Y^ul + Y^ul, where 

= r]^^did2H - u^did2K, Y^^ = T]^^dlH - u^djK, 

Yi = di{r]^‘^diH + r]‘^'^d2H — u^diK), Y^ = d2{r]^^diH + r]'^‘^d2H — u^diK), 

Choosing H and K such that X/ = Y^^ for i = 1,2, one can easily see that 

X^,=Y,^ + F, Xl = Yi. 

Finally, the function F can be removed using the vector field Y such that H = 0 
and K such that —= F. Thus, first order deformations are trivial. 


A.1.2 N5. First order deformations 

Here 77 ^^ 7 ^ 0. Solving = 0 for deg(X) = 1 we get 


Xi = diF, 

xl= I 


X 2 = d2F, 


diXl + 


Tf‘^d2F + T]^‘^diF - r]^^X^ 
2rf‘^{u^ _|_ y2'^ _ 


du^ + G, 


■V^2 _ v"2 

^2 “ ^2 5 


where F = F{v}, v?) and G = G{v}). 

The components of the vector field Y = uJidH + UJ 2 SK are given by 


Fi' = diiri^^d2H+ u^d2K), 

yi = d2{r]^'^d2H + u^d2K), 

= r]^‘^d\EY^^‘^dxd2EYu^d\KY2{u^ Yu^)dxd2KYd2K, 
Yl = r]^‘^did2H + r]‘^^diH + + 2{u^ + u^)dlK + dsX. 


Choosing FI and K such that F = r]^‘^d 2 H + v}d 2 K, X| = Y 2 , we obtain 


Xl = X^ = X^ = 0, X2 = G. 


Taking ff = 0 and K such that d 2 K = 0 and u^dfK = G, we can also remove G. 
Thus, deformations of degree 1 are trivial. 


A.1.3 N3, N4 and N6. First order deformations 

This case is more involved. Let us assume «; 7 ^ — 1, otherwise the metric g 2 would 
be degenerate. Here 77 ^^ 7 ^ 0. 
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Imposing = 0 for deg(X) = 1 we get 


Xl = diG + R, = d2G, Xl = diF, Xl = 

R = e^ j K {7f^d2G + 7]^‘^diG - 7]^‘^d2F) 0-^-^ du^ + e^S, 

where F = F{v},v?),G = G{u^,u^),S = S{u^) and 9 = 2r]^‘^u^ “ (1 + ■ The 

components ot the vector field Y = ui5H + U 2 dK are given by 

Yi = di{r]^‘^d2H + {1 + K)u^d2K) - hid2K, 

Y 2 = d2{r]^'^d2H + (1 + K)u^d2K), 

y 2 = di{r]^^diH+ r]‘^^d2H+ 2u^d2K+ {l + K)u^diK - K), 

= d2{v^‘^diH+ T]'^‘^d2H+ 2u‘^d2K+ {l + K)u^diK - K). 

Choosing H and K such that 

r]^^d2H + (1 + K)u^d2K = F, 
r]^‘^diH + r]‘^‘^d2H + 2u^d2K + (1 + K)u^diK - K = G, 

we get 

Xl = 9^S, Xl = Xl = Xl = 0 . 

Finally, taking a suitable choose of H and K, we can also remove S. In particular, 
we have 

• for K 7^ 0, —2 

ii + K)u^e^+^s 9^+^s 

~ (V 2 ) 2 ^(«; + 2 ) ’ “ ~r]^^K{K + 2y 

• for K = 0 

{2ry'^v?‘ — ?7^^tt^)(log(2?7^^ri^ — rf'^n}) — 

= ’ 

u'^ J S du^ {2'q^'^u'^ — q'^'^uy{\og{2r]^‘^u^ — — 1)S ff q^‘^di{v}S) , 1,1 

K =-^-—-/ / - 7- —^— du du 

4^12 J J 

• for K = —2 

\og{2q^‘^u^ + q'^'^uyu^S \og{2q^'^u‘^ + q'^'^uyS j S dv} 

= ^ ^ 2?7i%i ■ 

Thus, first-order deformations are trivial. 
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A.2 Second order deformations 

We have seen that in all cases Qi can be eliminated by a Miura transformation. For 
this reason, without loss of generality, we can assume the pencil has the form 

IIa = uj\ + e^Q2 + + ••• 

Using the same arguments applied to first order deformations we can easily prove 
that 


general second order deformations can be always written as Q 2 = for a 
suitable vector field of degree 2 

X* = Xl{u\u‘^)ul^+X^2iu\u^)iulf+X^^{u\u‘^)ulul+Xl{u\u‘^){ulf+Xl{u\u‘^)ul^, 

satisfying 

dij^d^_j2X 0 . 


• trivial second order deformations are those corresponding to vector fields of 
the form ui6H + U25K, where the hamiltonian functionals H and K have 
hamiltonian densities of degree 1, namely 


H 


j [hi{u^,u^)u]. + h2{u^,u^)u^^dx, K 


j [ki{v},v?)u]. + k 2 {v}, dx. 


Before to go into the details of the computations, let us observe that 
(5H\ fdH d dH\ 

-R{u\u^)ul 


SK = 


5u^ 


du^ 

dx dul 

6H 


dH 

d dH 

\5u'^J 



dx dul) 

[u^,u‘^) - d2Hi{u\ 

V?) and s 

(5K\ 


/dK 

d dK\ 

5u^ 


du^ 

dx dul 

5K 


dK 

d dK 

) 



dx dul / 


S{u^ ,u‘^)ul 
—S{u^, u^)ul 


for S{u^, V?) = diK 2 {v}-, u^) — d 2 Ki{v}, v?). 


We now proceed as follows: 

1. We solve the equation d^^^d^^X = 0, which leads to a solution depending on 
two functions of two variables and at most four functions of one variable. 
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2. Up to Miura-type transformations, that is, using the freedom given by the 
functions R and S, we can eliminate the two functions of two variables. 

3. In the cases T3, N3, N5 and N 6 with k 7^ — 1, —2, we still use a Miura-type 
transformation to reduce the deformation to a more suitable form (see step 


4). 


4. The last step is quite straightforward. We firstly take a generic Hamiltonian 
vector field of the form X = ui5H — UJ 26 K with 



where the coefficients Rj and kij are arbitrary functions of Then, 


comparing X with the vector field obtained above (step 3), we get the values 
of hij and kij which correspond to the final expression written in Theorem [U 

Let us discuss in detail each case. In what follows, all the functions Xj, R, S, 
i = 1,2, j = 1,..., 5, will depend on unless stated otherwise. 

A.2.1 T3. Second order deformations 

Let us assume 7 ^ 0. The solution of d^j^dui^X = 0 for deg(X) = 2 is given by 



where Fi, F 2 depend on ttL The components U® of the vector field Y = U 16 H+U 2 SK 
are 


r/ = -rj^^R + u^S, 

= -r]^^diR + u^diS, 
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= -r]^^d2R + u^d2S, 

Yl = 0 , 

n' = 0, 

Yi = -v^^d,R, 

Y^ = r]^^diR-Tf^d2R-u^diS - S, 

Y^ = r]^^d2R-u^d2S, 

^^2 = r]^^R-u^S. 

Choosing R and S such that Xj = Y^ for i = 1,2, we finally obtain 

Xl = 0 
^2 = 0 

xi = 0, 

^5 = 0 , 

22 

= -^A3du'X^,) + 2X^,)+F„ 
xi = d,xl 
xl = d2Xl + d,Xl 
x! = 82x1 

12 2 

— 7] U 

Xl = F2eY^. 

Thus, these coefficients depend on two functions Fi, F 2 in the variable wh 

In the case 7f‘^ = 0, the computation is easier. The condition d^j^d^^X = 0 


implies 



= xl 

Xl 

= xl 

Xl 

= 82X1 

Xl 

= 0, 

xl 

= 0, 

xl 

= F. 

xl 

= 8,F, 

xl 

= -dlX; 

xl 

= -82X, 
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^5 


= 

where F depends on u^. Also in this case the freedom in R and S allows us to 
reduce Xl and to zero, obtaining 


= 0 , + din<f = [Fu]). 

The second component of the vector field can be written as 


X 2 = dl J F du\ 


and setting / = Fu^ yields 


Q 2 — 


0 


0 


^ 0 fxxF + 'ifxF' + 2 / 5 " 


Finally, in order to get the form we need to compute hij (step 3), we perform 
the canonical Miura transformation generated by the local Flamiltonian 


H = 


is^ 


rf‘^{v}YF2 u^F2 _ , 

^ TT 1 e ut dx. 


3{r] 


12\2 


St] 


12 


12 2 

V u 

.,1 


Remark. Let us point out that this solution can be obtained from the general case 
in the limit —)■ 0. 


A.2.2 N5. Second order deformations 

The condition d^^d^^^X = 0 for deg (A) = 2 implies 

Xl = Xl 
Xl = d,xl 
xl = d2Xl 
xl = 0 , 

Ai = 0, 

= Xl 

Xl = d,Xl + ^0F2g^F2 + ~ + 0(rj^^Xl - rj^^X^ + F,), 

A| = d2Xl-diXl + 0F2g^j,^_^dll^^03/2j,^^ 

Xi = -rj^^e^FF2-d2Xl 
xl = e^/^F2-xl 
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where Ft, for i = 1,2, are functions depending on v} and 6 = {27]^'^{v} + v?) — 
The components F* of the vector field Y = ujidH + oj25 K are 


= -{r]^^R + u^S), 

= -d^{r]^^R + u^S), 

Yi = -d 2 {v^^R + u^S), 

Yl = 0 , 

n = 0 , 

Ti^ = -{r]‘^^R +2{u^ + u‘^)S), 

= -(rj^^diR + 2 {u^ + u^)diS + S), 

Y^ = di{r]^‘^R + u^S) — d2{ri‘^^R + 2{u^ + u^)S), 
Y/ = d 2 (rj^^R + u^S), 

= r]^^R + u^S. 


Choosing R, S such that XI = Y^ for i = 1,2, we can reduce to zero and the 
coefficients of respectively to 

= 0 , 

^2 = ld^ieY^F2)-^-d2{9Y^F2)-v^^eY^F2 + 9F,, 

Xi = d,{9Y^F2)-^d2{9Y^F2), 

X^ = d2{9Y^F2), 

X 2 ^ Ql/ 2 p^_ 


Thus, the deformations of degree 2 depend on two functions of uT 

To reduce the deformation in the form written in Theorem[T](step 3) we perform 
the canonical Miura transformation generated by 


H 


r 



Sv^^)9^/^F2 y, \og{9-yFA 

6 ^ 2 J 


u], dx. 


A.2.3 N3, N4 and N6. Second order deformations 

The vector fields Y = PdH + Q6K are given by 

y/ = -{r]^'^R+{1 + k)u^S), 

Y 2 = —di{ri^^R + (1 + k)u^S) + kS, 

Yi = -d2{v^^R+{l + KyS), 

Yl = 0 , 
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n' = 0, 

= -{r]‘^‘^R + 2u^S), 

Y 2 = —di{r]‘^'^R + 2u^S), 

If = di{r]^^R+{l +k)u^S)- d2{v^^R + 2u^S), 

= d2{v^^R+{l + KyS), 

If = r]^'^R+{l + k)u^S. 

In studynig the solutions of the equation = 0 we have to distinguish 3 

cases: fi: = 0, k = —2, fi:f0,2. This is due to the fact that conditions coming from 
this equation include the following: 

k{k + 2)Xl{u^, u^) = 0 . 


Case 1: k = 0. The condition d^^d^i^X = 0 for deg(X) = 2 leads fo 


^2 

^3 

^5 

^2 

xl 

xl 


d^Xl + 0 Fi, 

ediF2 - v^^e^F2 + 82x1 

2r]^‘^e‘^F2, 


OF 2 , 


+ 0 F 3 , 

- diXl + 82 X 1 

ri'-^ 2 


diF2 


T] 


12 


^ 2 ^ 1 ', 

+ e^F^-x 


1 

1 5 


where Fj for z = 1,..., 4 are arbitrary functions depending on u^, and 9 = {rf^u^ — 
277^^tt^)“T Choosing R and S such that X{ = for z = 1,2, we can reduce both X{, 
z = 1, 2, to zero, obtaining 



= 0 , 

xl 

= 

Xl 

= d^{9F2) 

xl 

= d2{eF2) 

xl 

= 9 F 2 , 

xl 

= 0 , 
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= OF. 


3 , 


Xl = di - 


d,F 


il2 


= d. 9-^ F,- 


V 
diF2 


"4 

x^ = 9"^F^ - 


V 


12 


r] 


12 


In this case, the deformations of degree 2 depend on four functions on u^. 
Case 2: k = —2. The condition = 0 for deg(X) = 2 implies 

xi = xl 


= diXl + 2Tf‘^9^Fi + 


4 (^ 22 ) 2 ^ 4 ^^ - 2rf'^9^diF2 


V 


12 


+2r]^‘^9Xl - 2r]‘^‘^9Xl + 9Fi, 

Xl = d2Xl-9^diF2 + ?>rf^9^F2 + 2ri^’^9"2F^, 
Xj = -Ar]^^9^F2, 

Xl = 9^F2, 

Xl = Xl, 

Xl = dXl + F- 


3) 


Xl = d2Xl-diXl + 

3 


4r]^^9^diF2 - 9^dlF2 - 6{r]^^f9^F2 


V 


12 


+9^diF^--r]^^9^Fi, 


Xl = 49^diF2-12r]‘^^9^F2-3rj^^9^Fi-d2Xl, 
27^226)3^2 - 9^diF2 


^5 = 


,12 


- xl + 9^F 


4 , 


here 9 = (2t]^^u'^ + rf‘^u^) ^ and F* = Fi{u^), for i = 1,..., 4. Choosing R, S such 
that X\ = Yl for 7 = 1,2, we can reduce Xl to zero, obtaining 

Xl = 27^220 (^0iF4 - +0Fi, 

X3I = 27/'2^tF4-di(0='F2), 

X] = -4r]^^9^F2, 


Xl = 9^F 


2, 


Xl = 0 , 

^2 = Fs, 
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dliO-^F^) 


V 


12 




= 4:d^{e^F2) + d2{e-^F^), 


= O^Fa 


diie^F^) 


V 


12 


Also in this case, the deformations depend on four functions on u^. 

Case 3: k ^ 0, —1, —2. The condition = 0 for deg(X) = 2 implies 


^2 


^3 

^5 

xl 

xl 

Xl 

Xl 

Xl 


Xl 


dixl + :^"^le^dAF2 - + + 


3(k+ 1)2 
+e-\n{rf^Xl-r^^^Xl) + F,), 

d,Xl - 

^ 3(«; + l) 


6(k + 1) 


0 , 

0 , 


d 2 Xl 

82 X 1 - dxXl + e^diF 2 - ]^rf\K - 1 ){k + 1)9^F 2 , 

{k - l)r]^^e^F2 - d,xl 

e^F2 - xl 


here 6 = 2r]^‘^v3 — (k + l)rj^‘^u^ and T) for z = 1, 2 are arbitrary functions depending 
on ith Choosing i?, S such that X\ = for z = 1,2 we can remove X\, obtaining 


^1^ 

xl 

xl 

xl 

xl 

xl 

xl 

xl 


0 , 


k{k + 2 ) _ n{K +7K + Y)r^ ^ 


3(k+ 1)2 

K 

“3(«:+ 1) 


Q{k + 1) 


d 2 {e^F 2 ), 


0 , 

0 , 

0 , 

0 , 


di{e^F 2 ), 
82 ( 9 ^ F 2 ), 
9^F2. 
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In this last case, the deformations depend on two functions of u\ The canonical 
Miura transformation reducing the pencil to the form described in the step 3 is 
generated by the Hamiltonian functional 


H 



( — l)u^ + + 1)(2k^ + 7k^ + 12k + 3)u^)F2 

6{r]^^y{K + iy{K-i) 


(2k + 3)u^F2 log0(«; + , 

3(r/ii)2(K + l)2 ^ 2{r]^^fK j ^ 


B Appendix. Lift of Frobenius structures 

Recall that a Frobenius manifold is a smooth manifold M equipped with a pseudo¬ 
metric g with Levi-Civita coimection V, a symmetric bilinear tensorial product on 
vector fields ■, and two vector fields e, E such that 

• VxY = VxY + \X ■ Y defines a flat affine coimection for all A G R, 

• Ve = 0, [e, £'] = e, and e - X = X for all vector fields X, 

• ViVE) = 0, Le- = ■, and LeQ = kg for some constant k. 

Theorem 11. Let {M, g,-,e, E) he a Frobenius manifold. Then the lifted tensors g, •, e, E 
define a structure of Frobenius manifold on TM. The Frobenius potential of the lifted 
structure is given by the lift of the Frobenius potential F = v'^^. 

Proof: 


From (|4.2|l one readily sees that g is symmetric and non-degenerate as soon as g is. 
If V is the Levi-Civita connection of g, then the lift V is the Levi-Civita connection 
of g. This follows by uniqueness of Levi-Civita connection once one noticed that 
= 0 and that V is torsion free. To see this notice that = 0 for Xg = 0, and 
that V is torsion free by Proposition |8] and by torsion-freeness of V. 

From (|4.4)l is clear that" is symmetric for • is. Moreover, by definition of com¬ 
plete lift for connections it follows that XfY = X xY + XX'^Y for all A G R, where 
now X, Y are arbitrary tensor fields on TM. Thanks to Proposition dH), then 
is flat. All other conditions follows directly from definition of complete lift, and 
invariance of Lie derivative under complete lift. ■ 

At this point recall that a Frobenius manifold is said to be massive if the algebra 
structure induced by the product ■ on any tangent space to M is semisimple. More 
explicitly this means that there is no tangent vector A on M such that X ■.. X = 0 
for some finite product. One may wonder whether semisemplicity assumption is 
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preserved by complete lift or not. In fact it is not, nor is possible to get a massive 
Frobenius manifold by complete lift of any Frobenius structure on M. The reason 
is that any vector Y which is tangent to the fibers of TM is an idempotent for the 
algebra structure induced by Indeed any such vector has the local expression 
whence it follows that Y''-Y = 0 thanks to (|4.4|) . 

Remark. Given a Frobenius manifold {M, g, - ,6, E) one can define a hierarchy of 
quasilinear systems of PDFs of the form 



pij 

6u^ 


i = p = l,...,n, a = 0,1, 2, 3,... 


where is Flamiltonian operator of hydrodynamic type associated with the in¬ 
variant metric g and Hp ^ are suitable local functionals in involution 




5K 


p,a 


( 9 « 4 + 


6 u^ 


dx = 0 


Igi 

with respect to the associated Poisson bracket {, }p. It is easy to check that the 
flows of the lifted hierarchy 


u. 


6ui ’ 


i = l,...,2n, p=l,...,n, a = 0,l,2,3, 


coincide with "half " of the flows of the principal hierarchy of the lifted Frobenius 
structure. The involutivity of the lifted Flamiltonian functionals 


Hp^a = / V^dghp^a dx 

Js^ 

follows from the identity (14.91) . Indeed, due to this identity any family of 1-forms 
in involution with respect to {•, -jp defines a family of Hamiltonians in involution 
with respect to {•, -jp. If the 1-forms are exact the Hamiltonians on the tangent 
bundle are the lift of the Hamiltonians on the base manifold. 


C Appendix. Lift of Hamiltonian vector fields 


Given a Hamiltonian vector field PSH with h{u, u ^,...) dx, we want to compare 
its complete lift 




5 u ^ 


d 


with the vector field 


dw(fc) dv 












where H[u,v\ = /< 

show that 


51 Since the components along ^ coincide we have to 



We observe that 


6 H _6H 6H _ 6 

6 v 6u ’ 6 u 6u 



where the second identity has been obtained integrating by parts. Using these facts 
and taking into account that the operators dx and J2k commute, we get 



In the non scalar case the proof works in exactly the same way 
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